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The structural design of integrated online process optimization and regulatory control
systems based on an economic analysis of different structures is addressed. The regula-

( )tory control layer is assumed to be implemented using model predicti®e control MPC
techniques. An approach to the analysis of the dynamic economics of MPC is presented
which uses the state-space formulation as the plant model. Output feedback is per-
formed in the framework of linear quadratic filtering theory using a Kalman filter. Using
the unconstrained model predicti®e control law, the ®ariance of the constrained ®ari-
ables of the closed-loop system subject to stochastic disturbances is analyzed. Based on
the ®ariance of the constrained ®ariables, the amount of necessary backoff from the
constraints due to regulatory disturbances is calculated and the dynamic economics are
established. The dynamic economics of the model predicti®e regulatory control system
are incorporated into the method of the a®erage de®iation from optimum analyzing the
economic performance of an online optimization system. Thus, different structures of
the integrated system of online optimization and MPC-based regulatory control can be
analyzed in terms of their economic performance, and the necessary structural design
decisions can be taken.

Introduction

A chemical process is usually subject to parametric uncer-
tainty and disturbances which affect the optimum process op-
erating point. One approach to handling these uncertainties
and disturbances and to tracking the changing process opti-
mum is model-based real-time optimization. The location of
an on-line optimization system in the overall optimal control
hierarchy is shown in Figure 1. The process is subject to dis-
turbances over a wide range of frequency. Fast or regulatory
disturbances have faster dynamic characteristics than the
process and have therefore vanished or changed before the
long-term process optimum can change. They are rejected by
the regulatory control system which regulates the process at a
given operating point. Slowly varying disturbances, on the

Žother hand, change the plant optimum with time Morari et
.al., 1980 . Examples of slowly varying disturbances are slow

time variations and uncertainties in the process parameters
such as heat-transfer coefficients, catalyst activities, and qual-
ity of the feed flows and changes in market conditions such
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as raw material and product prices, availabilities, and de-
mands. In order to track the optimum as it changes with time,
process measurements are taken and passed to the on-line
optimization system where they are compared to the outputs
of a process model. Based on the prediction error, a set of
model parameters is estimated. The updated process model
is optimized with respect to the regulatory control set points,
and the new optimal set points are passed to the regulatory
control system, which drives the process to the new optimum
operating point. The procedure is repeated after a certain

Žtime interval. As described by several authors Darby and
.White, 1988; Jiang et al., 1987 , this decomposition of the

control tasks is industrial practice with even more levels above
the optimization layer for the long-term planning and
scheduling of plant operation, which will not be considered
here. The regulatory control level is assumed to be imple-

Ž .mented using model predictive control MPC techniques.
The application of an integrated MPC and on-line optimiza-
tion system to an olefins plant and the resulting economic

Ž .benefits are described by Emoto et al. 1994 .
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Figure 1. General structure of an on-line optimization
system.

The economic benefit of on-line optimization depends on
Žthe structure of the on-line optimization system de Hennin

.et al., 1994 . This structure is determined by the process
model used for optimization, the structure of the regulatory
control system with its measured and manipulated variables,
the process measurements taken for estimating model pa-
rameters, the parameters estimated in the model, and the
estimation and optimization algorithms with their interac-

Ž . Ž .tions. de Hennin et al. 1994 and Loeblein and Perkins 1996
addressed the problem of structural design of the online opti-
mization system using the method of the average deviation
from optimum. This method estimates the likely economic
performance of a given structure of the on-line optimizer.
Based on the analysis results for different structures, the on-
line optimizer structure with the best economic performance
can be selected for implementation.

The method of the average deviation from optimum ana-
lyzes the on-line optimizer performance based on the as-
sumption that a perfect regulatory control system is in place,
that is, fast, regulatory disturbances are neglected and the
process follows set point changes immediately and without
offset. The regulatory control layer, which holds the plant as
close as possible to the optimal steady state determined by
the optimizer, plays a key role in the overall economic per-
formance of the system. Thus, ideally, structural decisions
associated with the implementation of this layer should be
made with a view to maximizing the potential economic per-
formance of the overall system. The purpose of this two-
part article is to relax the assumption of perfect control and
analyze the economic performance of an integrated on-line
optimization and regulatory control system, in order to take
the appropriate structural decisions during the design of an
online optimizer.

The dynamic economic performance of the regulatory con-
trol system is evaluated by analyzing the dynamic economics

Ž .of a given control structure. Narraway et al. 1991 define the
dynamic economics as the effect of the process dynamics on

the process economics. The basic idea of dynamic economics
is shown in Figure 2. The shaded area represents the dy-
namic region around the steady-state operating point. This
region is described by the response of the closed-loop system
of process and regulatory control system to the possible dis-
turbances entering the system. The shape and size of the
dynamic region is dependent on the process design and the
regulatory control structure in terms of manipulated and
measured variables, as well as the control algorithms em-
ployed. The steady-state operating point should be chosen
such that, on the one hand, all points in the dynamic region
are feasible with respect to the constraints and, on the other
hand, the steady-state operating point is as close as possible
to the steady-state optimum. This implies that the structure
of the control system together with the controller and its tun-
ing parameters should be chosen such that the amount of
constraint backoff is minimized. Based on the idea of dy-

Ž .namic economics, Narraway et al. 1991 and Heath et al.
Ž .1996 developed hybrid mixed integer linear programming
Ž .MILP regulatory control structure selection algorithms.

In this work, the regulatory control layer will be assumed
to be implemented using linear model predictive control al-
gorithms. There exist large amounts of literature on the dif-
ferent formulations and versions of model predictive control
algorithms dealing with issues such as stability and feasibility
in the presence of constraints. In order to categorize the de-
velopments, a number of review articles have been published,

Ž . Ž .for example, Garcia et al. 1989 , Ricker 1991 , Rawlings et
Ž . Ž . Ž .al. 1994 , Lee 1996 , and Qin and Badgwell 1996 on indus-

trial MPC technology and, most recently, Morari and Lee
Ž .1997 .

This article presents an approach to the analysis of the dy-
Ž .namic economics of model predictive control MPC . The

model predictive controller considered uses the state-space
formulation as the plant model. Output feedback is per-
formed in the framework of linear quadratic filtering theory
using a Kalman filter. The unconstrained model predictive

Figure 2. Dynamic economics of process control.
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control law is considered. Thus, a closed form solution of the
control law can be derived and the variance of the con-
strained outputs of the closed-loop system subject to stochas-
tic disturbances can be analyzed. Based on the variances of
the constrained variables, the amount of necessary backoff
from the constraints due to regulatory disturbances is calcu-
lated and the dynamic economics are established. The method
analyzing the dynamic economics of the model predictive reg-
ulatory control layer is then integrated with the established
method for the analysis of the likely economic benefit of im-

Žplementing an on-line optimizer on a plant de Hennin et al.,
.1994; Loeblein and Perkins, 1996 which gives a unified mea-

sure of the economic performance of the integrated on-line
optimization and regulatory control system. The theory is
demonstrated in the second part of this article using a simu-

Ž .lated fluid-catalytic cracker FCC case study.
The dynamic economics are determined for a given struc-

ture of the regulatory control system, that is, the set of mea-
sured and manipulated variables is fixed as well as the set of
tuning parameters. The method does not therefore include a
design feature which automatically returns the structure in-
cluding tuning parameters which gives the best dynamic eco-
nomics. Similar to the method of the average deviation from
optimum, different structures can be examined, which results
in a ranking of the considered structures. If the designer of
the on-line optimizer has the freedom to design the structure
of the regulatory control system as well, the structure of the
integrated online optimization and regulatory control system
with the best economic performance can be chosen. If the
regulatory control structure is fixed, its economic perform-
ance is incorporated into the method of the average devia-
tion from optimum and the structure of the on-line optimizer
can be chosen such that the combined system of an on-line
optimizer and regulatory controller gives the optimal per-
formance.

The model predictive controller formulation used for this
work is presented. The dynamic economics of the model pre-
dictive control layer are determined using the unconstrained
MPC control law, followed by a brief introduction to the
method of the average deviation from optimum analyzing the
economic performance of different structures of the on-line
optimization layer. The analysis method of the MPC regula-
tory control layer is incorporated into the method of the av-
erage deviation from optimum to give a unified measure of
performance of the integrated on-line optimization and regu-
latory control system, followed by a short discussion of the
presented theory.

In the second part of this article, the theory is applied to a
realistic case study on the optimization and regulatory con-
trol of a FCC unit.

Model Predictive Controller Formulation
The model predictive controller considered in the follow-

ing is based on the formulation presented by Muske and
Ž .Rawlings 1993 . They developed a model predictive con-

Ž .troller that uses a linear time-invariant LTI state-space
model of the process. Output feedback is performed in the
framework of linear quadratic filtering theory using a Kalman
filter. This section gives a brief introduction to the controller
formulation.

The underlying system for the combined observerrregu-
lator is a discrete dynamic LTI model of the process with
normally distributed stochastic inputs

x kq1 s Ax k q B u k q B ® k 1Ž . Ž . Ž . Ž . Ž .u ®

y k sCx k q D u k q D ® k qw k ,Ž . Ž . Ž . Ž . Ž .u ®

with
Ž .x k sstate variables
Ž .u k smanipulated input variables
Ž .y k soutput variables
Ž .® k sunmeasured disturbance variables
Ž .w k smeasurement error

Ž .The vectors of stochastic variables ® k representing the
Ž .fast, stationary process disturbances and w k representing

the measurement noise are assumed to be Gaussian white
noise processes with covariance matrices V and W, respec-

Ž . Ž .tively. The elements of the vectors ® k and w k are inde-
pendent so that the covariance matrices V and W are diago-
nal matrices with zeros off the main diagonal. Typical distur-
bances in a chemical plant can be modeled in this framework
using a linear differential equation driven by white noise ®

Žfrom which the disturbance variable d is determined Morari
.and Stephanopoulos, 1980

d kq1 se d k q ® k . 2Ž . Ž . Ž . Ž .

By keeping e strictly below one, e -1, the fast and non-
persistent, stationary nature of the disturbance can be re-
tained. The linear model of the process is then given by the

Ž .linear system Eq. 1 augmented with Eq. 2.
The model predictive controller formulation used in the

Ž .following is described in detail in Muske and Rawlings 1993 .
In summary, the algorithm for the calculation of the control
moves at time k consists of the following steps:
Ž . Ž .1 With u ky1 applied to the process, and state esti-

Ž < . Ž < .mates of the augmented system x k ky1 and p k ky1ˆ ˆ
Ž .known, obtain process measurement y k .

Ž . Ž < .2 Calculate step disturbance estimate p kq1 k from theˆ
Žestimation equation of the augmented system Muske and

.Rawlings, 1993

< <p kq1 k s p k ky1Ž . Ž .ˆ ˆ

< <q L y k yCx k ky1 y D p k ky1 y D u ky1 .Ž . Ž . Ž . Ž .ˆ ˆp p u

Ž . Ž .3 Calculate new steady-state target values u k ands
Ž . Žx k from the following quadratic program Muske ands

.Rawlings, 1993

Tmin u yu R u yuŽ . Ž .s s s
xs , us

Iy A y B x 0u ss.t. s 3Ž .
C D u y y D p̂u s t p

u Fu Fu .min s max

Ž . Ž .4 Calculate the new control moves u k by minimizing
the controller objective function shown below subject to con-
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Ž . Ž .straints with new steady-state target values u k and x ks s
Ž . Žand current estimation error v k Muske and Rawlings,

.1993

T TN N N N N Nmin u yu H u yu q2 u yuŽ . Ž . Ž .s s s
Nu

<= G x k ky1 y x y F u ky1 yu q Jv k . 4Ž . Ž . Ž . Ž .Ž .Ž .ˆ s s

The matrices F, G, H, and J depend on the system matrices,
the objective function weighting matrices, and the Kalman
filter gain matrices. Their exact definitions are given in the
Appendix.
Ž . Ž < .5 Calculate state estimates x kq1 k from the estima-ˆ

tion equation of the augmented system using the current con-
Ž .trol moves u k

< <x kq1 k s Ax k ky1 q B u kŽ . Ž . Ž .ˆ ˆ u

< <q L y k yCx k ky1 y D p k ky1 y D u ky1 .Ž . Ž . Ž . Ž .ˆ ˆx p u

Ž .6 Start procedure again from step 1 at the next sampling
time kq1.

In the next section, the calculation of the regulatory back-
off and the dynamic economics of a model predictive control
system based on the controller formulation outlined above is
presented.

Unconstrained Model Predictive Control
In order to use the advantages of an analytical solution of

the control law during the analysis of the dynamic economics
of the model predictive controller, the quadratic program-

Ž .ming QP problem of the MPC control law is considered in
the following neglecting input and output constraints. The
effect of the disturbances on the outputs is mapped through
the closed-loop system using the unconstrained MPC control
law. Thus, the variance of the input and output variables to
which constraints are to be applied can be determined. From
this variance, the amount of backoff from the constraints
which guarantees the feasible operation of the process for a
given probability and the corresponding dynamic economics
of the model predictive controller can be determined.

The calculation of the constraint backoff using the uncon-
strained model predictive control law is particularly advanta-

Ž .geous when analyzing nonminimum phase NMP systems.
The controller does not attempt to invert the transfer func-
tion of the nonminimum phase system in order to meet the
constraints and the closed-loop system is not prone to insta-

Ž .bility due to the in the case of discrete-time systems trans-
mission zero outside the unit disk of the NMP system. In-
stead, the regulatory backoff is calculated from the variation
of the constrained variables under closed loop using the un-
constrained control law.

Analytical solution of the control law
Since in the following, the unconstrained model predictive

control law is considered, the input moves predicted by the
controller are determined from the minimization of the con-

troller objective function neglecting input and output con-
straints

T TN N N N N Nmin u yu H u yu q2 u yuŽ . Ž . Ž .s s s
Nu

<= G x k ky1 y x y F u ky1 yu q Jv k . 5Ž . Ž . Ž . Ž .Ž .Ž .ˆ s s

Ž .This represents an unconstrained quadratic program QP
which can be solved analytically. Setting the first derivative of
the objective function to zero, the optimal value of the N
future control moves is obtained, linearly dependent on the
current state estimates, the inputs previously applied to the
process, and the present estimation error

UN N y1 <u su y H G x k ky1 y xŽ . Ž .Ž .ˆs s

q Hy1F u ky1 yu y Hy1Jv k . 6Ž . Ž . Ž .Ž .s

Since only the first part of the N future control moves is
applied to the process, the first rows of the matrices Hy1G,
y Hy1F, and Hy1J are taken according to the number of
manipulated variables nu

y1K s H G i , jŽ .Ž .x is1, . . . , n ; js1, . . . , nu x

y1K s y H F i , j 7Ž .Ž . Ž .u is1, . . . , n ; js1, . . . , nu u

y1K s H J i , j .Ž .Ž . is1, . . . , n ; js1, . . . , nv u y

The variable n represents the number of state variables andx
n is the number of output variables, which is equal to they

Ž .length of the vector of the estimation error v k . The result
is an expression for the input vector at time k with the con-
stant gain matrices K , K , and Kx u v

<u k su y K x k ky1 y xw xŽ . Ž .ˆs x s

y K u ky1 yu y K v k . 8w xŽ . Ž . Ž .u s v

Calculation of regulatory backoff
The necessary backoff from the constraints is determined

in the following by considering the unconstrained MPC law.
Based on the performance of the unconstrained closed-loop
system, an operating point is determined which accommo-
dates the fast disturbances without violating the constraints.

The closed-loop system of the process with the combined
observerrregulator applied is shown in Figure 3. It is as-
sumed that the behavior of the process can be represented by
the linear time-invariant system shown below

x kq1 s Ax k q B u k q B ® k 9Ž . Ž . Ž . Ž . Ž .u ®

y k sCx k q D u k q D ® k .Ž . Ž . Ž . Ž .u ®

The transfer function blocks of the Kalman filter and the
model predictive controller both represent linear relation-
ships between their input and output variables. Thus, it is
possible to represent the closed-loop system as one linear
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Figure 3. Closed-loop system.

Ž .time-invariant LTI state-space system of higher order with
the stochastic disturbances and the measurement noise as

Ž .inputs see Figure 4 . The behavior of LTI systems can be
analyzed easily so that the stochastic disturbances and mea-
surement noise can be mapped through the closed-loop sys-
tem and their effect on the constrained input and output
variables determined. Both the disturbances and the mea-
surement noise are assumed to be Gaussian white noise pro-
cesses with known covariances. Since the closed-loop system
is represented by an LTI state-space system as shown in Fig-
ure 4, the covariance of the constrained inputs and outputs
can be determined and the necessary backoff from the con-
straints can be calculated.

The LTI state-space formulation of the closed-loop system
is derived from the following equations which represent the
linear relationships of each of the transfer function blocks in
Figure 3. The derivation is along the lines of the controller
algorithm given in the previous section.
Ž .1 The process with its state and output variables is de-

scribed by the following LTI state-space system

x kq1 s Ax k q B u k q B ® k 10Ž . Ž . Ž . Ž . Ž .u ®

y k sCx k q D u k q D ® k .Ž . Ž . Ž . Ž .u ®

Ž .2 The Kalman filter calculates the estimates of the
Ž < .process states x kq1 k and the output step disturbancesˆ

Ž < .p kq1 k from the measurements of the systemˆ

< <x kq1 k s Ax k ky1 q B u kŽ . Ž . Ž .ˆ ˆ u

< <q L y k yCx k ky1 y D p k ky1 y D u ky1Ž . Ž . Ž . Ž .ˆ ˆx p u

11Ž .

< <p kq1 k s p k ky1Ž . Ž .ˆ ˆ

< <q L y k yCx k ky1 y D p k ky1 y D u ky1 .Ž . Ž . Ž . Ž .ˆ ˆp p u

12Ž .

The relationship for the process measurements including
measurement noise is given below

y k sCx k q D u ky1 q D ® k qw k . 13Ž . Ž . Ž . Ž . Ž . Ž .u ®

Figure 4. State-space representation of the closed-loop
system.

Ž .3 The next step is the calculation of the new steady-state
Ž . Ž .target values u k and x k , which remove the output steps s

disturbance at steady state. As described above, they are de-
Ž .termined from the solution of the quadratic program Eq. 3

Ž .Muske and Rawlings, 1993 . However, assuming that the
control system is square, that is, the number of controlled
variables is equal to the number of manipulated variables,
the solution is entirely determined by the equality constraints
representing the system equations

Iy A y B x 0u s
s . 14Ž .

C D u y y D p̂u s t p

In this case, there are no degrees of freedom to minimize the
least-squares objective function and the steady-state target
values are obtained directly from the linear system equations

y1y1 <u k sy C Iy A B q D D p kq1 k 15Ž . Ž . Ž . Ž .ˆs u u p

y1y1 y1x k sy Iy A B C Iy A B q DŽ . Ž . Ž .s u u u

<= D p kq1 k . 16Ž . Ž .ˆp

The output target values y are zero since the analysis is car-t
ried out at the nonlinear optimum, where the system was lin-
earized.

If the system is not square, similar analytical expressions
for the input and state target values can be obtained. The

Ž .quadratic program Eq. 3 can be solved analytically since the
inequality constraints on the input variables are neglected
during the backoff calculation. Without the input inequality
constraints, only equality constraints from the linear system
equations are present and the QPs can be solved analytically
in the reduced space.
Ž .4 The last step is the calculation of the control moves

from the solution of the unconstrained model predictive con-
trol law. The following expression for the manipulated vari-
ables at time k is obtained, linearly dependent on the state

Ž < . Ž .estimates x k ky1 , the estimation error v k , the previousˆ
Ž .input variables u ky1 , and the steady-state target values

Ž . Ž .u k and x ks s

<u k su k y K x k ky1 y x kw xŽ . Ž . Ž . Ž .ˆs x s

y K u ky1 yu k y K v k . 17w xŽ . Ž . Ž . Ž .u s v

Ž .The estimation error v k is given by the difference between
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the process measurements and the model outputs

< <v k s y k yCx k ky1 y D p k ky1 y D u ky1 .Ž . Ž . Ž . Ž . Ž .ˆ ˆp u

18Ž .

With straightforward, but extensive, algebraic manipulations,
Ž . Ž .Eqs. 10]18 can be rearranged to eliminate u k and x ks s

and write the system in the form of a linear discrete-time
state-space model of the closed-loop system

x kq1Ž .
<x kq1 kŽ .ˆ

u kq1Ž .
<p kq1 kŽ .ˆ

A 0 B 0 x kŽ .u

<L C Ay L C B y L D x k ky1Ž .ˆx x u x p
s Z Z Z Z u kŽ .1 2 3 4

<L C y L C 0 Iy L D p k ky1Ž .ˆŽ .p p p p

B 0®

L D 0x ®
q ® k q ® kq1Ž . Ž .Z Z5 6

L D 0p ®

0 0
L 0x

q w k q w kq1 . 19Ž . Ž . Ž .Z Z7 8

L 0p

The matrices Z stand for lengthy matrix expressions contain-i
ing matrices from Eqs. 10]18. Their definitions are given in
the Appendix. In order to analyze the performance of the
closed-loop system, the system in Eq. 19 needs to be reformu-
lated such that the explicit dependence of the righthand side

Ž . Ž . Ž Ž . Žon both ® k and ® kq1 and similarly on w k and w kq
..1 is removed. This is achieved by augmenting the state vec-

Ž . Ž .tor with ® k and w k . The result is a linear time-invariant
state-space model of the closed-loop system with the nor-

Ž .mally distributed disturbances ® k q1 and measurement
Ž .noise w kq1 as input variables

j kq1 sJj k qG® kq1 qLw kq1 20Ž . Ž . Ž . Ž . Ž .

y k sPj k .Ž . Ž .

Ž .The state vector j k consists of the following variables

j kŽ .
TT TT T T T< <s x k x k ky1 u k p k ky1 ® k w k .Ž . Ž . Ž . Ž . Ž . Ž .ˆ ˆ

21Ž .

The exact definitions of the matrices J, G, L, and P are
given in the Appendix.

Having obtained the closed-loop system in the form of the
linear state-space model in Eq. 20, the evolution of the state

Ž .vector j k over time can be determined. The model of the
closed-loop system in Eq. 20 represents a linear state-space
model driven by Gaussian white noise. Since the closed-loop

Ž . Ž .system is linear, the state and output variables j k and y k
Ž .are also normally distributed and the covariances of j k and

Ž .y k can be determined as functions of the covariances of the
Ž . Ž .disturbances ® k and measurement noise w k . The evolu-

Ž .tion of the state vector j k over time is given by the follow-
ing predictor equation

k y1
k jj k sJ j 0 q J G® ky jŽ . Ž . Ž .Ý

js 0

k y1
jq J Lw ky j . 22Ž . Ž .Ý

js 0

Ž .The variable j 0 represents the initial state of the system.
Ž . Ž . Ž .Since the variables j k , ® kq1 and w kq1 are all uncor-

related, the covariance of the state vector of the closed-loop
system can be determined as a function of the covariances of
the disturbances V, the measurement noise W, and the initial
state S

Tk kw xcov j k sJ S JŽ . Ž .
k y1 k y1

T Tj T j j T jq J GV G J q J LWL J .Ž . Ž .Ý Ý
js 0 js 0

23Ž .

Since the closed-loop system with a stable process and a sta-
Žble observerrregulator which follows in the unconstrained

.case from the separation principle is also stable, the covari-
ance of the states for k™` is then given by

cov j sDqV . 24Ž . Ž .

The matrices D and V are the solutions of the discrete Lya-
punov equations as those equations determine the values of
the infinite sums in Eq. 23 for k™`

DsGV GTqJDJT 25Ž .

VsLWLTqJVJT.

The covariance of the input variables may be determined from
Ž .cov j , since the state vector of the closed-loop system j

Ž .contains the manipulated variables of the process u k . The
Ž .covariance of the process output variables y k can be ob-

tained from the covariance of the state variables

defT Tcov y sP cov j P sP DqV P s C. 26Ž . Ž . Ž . Ž .
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Having obtained the covariance matrix of the variables to
which constraints are to be applied, the necessary backoff
from the constraints can be determined in the following way.
The variance of an individual variable is given by the corre-
sponding diagonal element of C and the statistical variation
of the variables to which constraints are to be applied can be
described by the density function f of a Gaussian distribution

Ž .with zero mean and known covariance Papoulis, 1991

1 1 y2

f y s exp y . 27Ž . Ž .ž /' 2 diag CŽ .2p 'diag CŽ .

If the constraints are formulated in a way that the con-
strained variable is required to stay below a certain value, say
yF y for output constraints, the vector of regulatory back-max
offs b from each of the constraints is determined such thatreg
the variance of the constrained variable y remains below
y q b for a given probability amax reg

a s P yF y q bŽ .max reg

1 1 y2
b q yreg maxs exp y dy. 28Ž .H ž /' 2 diag CŽ .2p 'y` diag CŽ .

With the definition of the error function

2y 2 ty
erf s exp y dt , 29Ž .H(ž / ž /' p 22 0

the regulatory backoff for not violating an individual con-
straint with a probability of a% is given by the equation
shown below

y1' 'b sy y q 2 diag C erf 2a y1 . 30Ž . Ž . Ž .reg max

The probability a for which feasible operation is required is
specified a priori. It should be noted that there is an a%
probability of not violating each individual constraint, but a
smaller probability of not breaking any constraint due to the
fact that the constrained variables are not statistically inde-
pendent. If the resulting backoff is negative, the variation of
y stays within the required bounds for the given probability,
a without introducing a backoff. In this case, b is set toreg
zero. The regulatory backoff from input constraints is deter-
mined in a similar way from the covariance of the con-
strained inputs which is given by the appropriate diagonal

Ž .elements of the state variable covariance matrix cov j sD
qV.

Steady-state operating point and dynamic economics
The dynamic economics of a process with its regulatory

control system are defined as the economics of the best feasi-
ble steady-state operating point of the process subject to

Ž .disturbances Narraway et al., 1991; Heath et al., 1996 .
Mathematically, the dynamic economics can be calculated in

Ž .two ways Heath et al., 1996 . One option considers the first-
order economic impact of the changes in the slack variables
of the inequality constraints of the nonlinear system. Since
the first-order sensitivity of the objective function to changes
in the slack variables of the inequality constraints is given by
the Lagrange multipliers, l in the Karush-Kuhn-Tucker
Ž .KKT optimality conditions, the dynamic economics can be

Ž .estimated using Narraway et al., 1991; Heath et al., 1996

m

DFs l b . 31Ž .Ý i i
is1

This approach gives a linear estimate to the dynamic eco-
nomics of a given structure of the control system under the
assumption that there is no change in the active constraint
set once the regulatory backoff b is introduced. Although
this approach yields an estimate of the dynamic economics,
the best feasible steady-state operating point cannot be de-
termined.

Ž .Another possibility is the solution of a linear program LP ,
which is obtained from a linearization of the nonlinear sys-
tem at the nominal optimum steady-state operating point
Ž .Heath et al., 1996

min DFs axq bu
u

s.t. 0s Axq Bu

ysCxq Du

ys q b F Exq Fu 32Ž .0

ys q b Fy Iuuh , 0 u

ys q b F Iuul , 0 u

ulow FuFuhigh.

The variables s denote the slack variables of the inequality0
constraints at the nominal optimum where the linearization
is performed. For active inequality constraints, the corre-
sponding slack variable s is zero. Since the linearization of0
the system is performed at the nominal steady-state opti-
mum, the first-order KKT conditions are satisfied. This im-

Ž .plies that, without process disturbances b s0 , the objective
Žfunction DF at the solution of the above LP is zero Heath

.et al., 1996 . For positive constraint backoffs b , the solution
of the LP DF gives a linear estimate of the loss in economic
performance due to moving the operating point inside the
feasible region of the process in order to ensure feasible op-
eration in the presence of disturbances. At the same time,
constraint backoffs from inequality constraints, which are not
active at the nominal optimum, are considered and possible
changes in the active constraint set due to the regulatory
backoff are taken into account. Additionally, the best feasible
steady-state operating point of the process, y , x , and u , iss s s
returned. The steady-state operating point is then moved in-
side the feasible region accordingly by changing the set points
to the controlled output variables. Thus, the feasible opera-
tion of the process in the presence of disturbances is guaran-
teed.
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For square, fully constrained systems, the best feasible
steady-state operating point can also be determined in a dif-
ferent manner. At steady state, the following relationship
holds for the linear discrete-time system

x s Ax q B u 33Ž .s s u s

y sCx q D u .s s u s

From this, the input-output relationship shown below can be
obtained

y1y s C Iy A B q D u . 34Ž . Ž .s u u s

If the system is square and fully constrained, the number of
constrained input and output variables is equal to the total

Ž .number of output variables or input variables . The input
and output variables, which are at their active constraints,
are set equal to their corresponding backoff value. The result
is a system of linear equations from which the steady-state
values of the unconstrained input and output variables can
be determined.

Introduction to the Method of the Average
Deviation from Optimum

Due to different error sources, which are present during
on-line optimization, such as measurement errors, modeling
errors, and parametric uncertainties, the optimizer will usu-
ally not predict the true process optimum. Instead, there will
be a deviation from the true optimum and the possible pre-
dicted set points will lie somewhere in a blurred region around
the true optimum. This can be seen in Figure 5, where the
constraint diagram of a process with two degrees of freedom
for optimization is shown. Instead of doing extensive simula-
tions to analyze the performance of the on-line optimizer, de

Ž .Hennin et al. 1994 developed the method of the average

Figure 5. Backoff from active constraints and variation
of the predicted set points in the feasible
region.

deviation from optimum. This method estimates the likely
economic benefit of a given on-line optimizer structure by
analyzing how close to the true optimum the process can be

Ž .operated. de Hennin et al. 1994 neglected the effect of the
dynamics of the regulatory control level together with fast
Ž .regulatory disturbances and assumed that the process fol-
lows set point changes immediately and without offset. In ad-
dition to that, the method was developed for a rigorous opti-
mization model, where the plant-model mismatch consists
only in the parameter values. The error sources are described
by a normally distributed measurement error e with a given
standard deviation s , and a variation in the process parame-e

ters. This variation consists of a normally distributed un-
certainty h with given standard deviation s and a timeh

Ž . Ž .variation d p t around a nominal value d pshqd p t . The
Ž .method was extended by Loeblein and Perkins 1996 to con-

sider the implementation of approximate optimization mod-
els, which feature structural modeling error compared to a
rigorous model representing the process. Thus, the structural
decisions that can be addressed using the method of the aver-
age deviation from optimum are the selection of estimated
model parameters, the process variables measured for pa-
rameter estimation, and the selection of the optimization
model. Additionally, the effect of different set point variables
on the steady-state performance of the on-line optimizer may
be examined.

The method of the average deviation from optimum is
based on an approximation of the nonlinear problem around
its nominal optimum. The nominal optimum is determined by
minimizing an economic objective function F with respect to
the set point variables r subject to the nonlinear process
model f , and a set of operational feasibility constraints g

min F x , r , pŽ .
r

s.t. f x , r , p s0 35Ž . Ž .

g x , r , p F0Ž .

ys h x , r , p .Ž .

The parameter vector p is set at the nominal values of the
uncertain parameters. The nominal parameter values are
those around which the parametric variations and uncertain-
ties are defined. In order to obtain an approximation of the
nonlinear model, a second-order Taylor series expansion of
the objective function F at the nominal optimum is carried
out. The set of active constraints at the nominal optimum g
and the possible process measurements y are linearized with
respect to the set points r and the parameters p to obtain
the following first- and second-order perturbation model

1
T Td F d r , d p sC d r qd p C d r q d r C d r qC d pŽ . 1 2 3 42

1
Tq d p C d p52

d g d r , d p sGd pq Hd r s0 36Ž . Ž .

d ys Jd p.
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If an approximate optimization model including structural
plant-model mismatch is used, a first- and second-order per-
turbation model of this form is obtained from the nonlinear
approximate optimization model and the rigorous model rep-

Ž .resenting the process Loeblein and Perkins, 1996 . Due to
this approximation of the problem, it is possible to derive
analytical expressions for the model parameter estimates d p̂m
and the optimal set points predicted by the optimizer

UŽ .d r d p , b and map the effects of the different errorˆm
sources through the parameter estimation and optimization
steps. The deviation of the predicted from the true optimum
can be determined and averaged over the different error
sources. The result is an analytical expression for the average
deviation from optimum Q for a given on-line optimizer

Ž .structure which is dependent on the backoff b see below ,
the covariance of the statistical uncertainty in the parameters
s , the covariance of the measurement error s , the struc-h e

tural plant-model mismatch D y and D r, and the time varia-
Ž .tion of the process parameters d p t within the optimization

period t y t2 1

1 ` `t2 Uw xQs ??? d F d r d p , d p� Ž .H H Ht y t t y` y`2 1 1

Uyd F d r d p , b , d p f h f e dhde dtŽ . Ž .4Ž .ˆm

sQ b , s , s , d p t , t y t , D y , D r . 37Ž . Ž .Ž .h e 2 1

The average deviation from optimum Q can be calculated for
a given on-line optimizer structure and provides an estimate
of its economic benefit. The result is a ranking of different
on-line optimizer structures in terms of their economic per-
formance. The structure with the best economic performance
can be selected for implementation.

In order to ensure the calculation of feasible set points
during the optimization, a backoff b from the active con-
straints is introduced into the optimization step

1
T Tmin C d r qd p C d r q d r C d r 38Ž .ˆ1 2 32d r

s.t. d g d r , d p sGd pq Hd r q b s0.Ž .ˆ ˆ

The basic idea is shown in Figure 5. The true process opti-
mum usually lies on a boundary of the feasible region defin-
ed by one or more active constraints. Due to the uncertainty
in the process parameters and the measurement errors, the
set points calculated by the optimizer would lie in a blurred
region around the process optimum and a high percentage of
the set points would be infeasible. By introducing a backoff
from the active constraints into the optimization model, the
region of possible set points is moved inside the feasible re-
gion of the process. This ensures, on the one hand, the feasi-
ble operation of the process for a high probability while, on
the other hand, still operating the process as closely to the
true optimum as possible. The size of the constraint backoff
is dependent on the different error sources, namely, the

amount of measurement error and parameter variation in-
cluding uncertainty.

Integration of the Average Deviation from Optimum
and the MPC Dynamic Economics

In this section, the analysis methods for the MPC regula-
Ž .tory control layer dynamic economics and the optimization

Ž .level average deviation from optimum are integrated in or-
der to obtain a unified measure for the economic perform-
ance of the integrated on-line optimization and regulatory
control system. The approach is based on the work of Morari

Ž .et al. 1980 who proposed to decompose the overall optimal
control problem into an optimization task and a regulatory
control task. Furthermore, the disturbances are partitioned
into stationary and nonstationary disturbances considering the
persistence of a disturbance and its expected value over a
suitable time horizon. The nonstationary disturbances are also
called slowly varying disturbances since their expected value
is nonzero over the time interval. They affect the steady-state
optimum of the process and cause a slow time variation of
the process optimum. Examples include changing external
data like energy costs and slow variations or uncertainties in
process parameters. Every optimization interval, the on-line
optimizer determines a new optimum steady-state operating
point with respect to the slowly varying disturbances. On the
other hand, the stationary disturbances are fast disturbances
which do not change the steady-state optimum since their ex-
pected value is essentially zero after a short time. They have
vanished before the steady-state optimum of the process can
change. However, the fast disturbances affect the size of the
dynamic operating region around the optimum steady-state

Ž .operating point Narraway et al., 1991 . They are rejected by
the regulatory control system.

The dynamic economics of a given control structure are
defined as the loss of economic performance due to the in-
troduction of the necessary constraint backoffs which try to
guarantee the feasible operation of the process in the pres-

Ž .ence of disturbances Narraway et al., 1991 . The dynamic
economics of a given structure of the control system are ob-

Ž . Ž .tained from the solution of the linear program LP Eq. 32 .
The LP is obtained from a linearization of the nonlinear sys-
tem at the nominal optimum steady-state operating point. For
positive contraint backoffs b , the solution of the LP, DF gives
a linear estimate of the loss in economic performance due to
the introduction of some conservatism in the form of the reg-
ulatory backoff in order to ensure the feasible operation of
the process subject to disturbances.

ŽThe analysis methods of the optimization layer average
. Ždeviation from optimum and the regulatory control level dy-

.namic economics have different characteristics in two re-
spects. The first and more obvious point is that the dynamic
economics are based on a linearization of the objective func-
tion at the nominal optimum and provide a linear estimate of
the loss in economic performance due to the regulatory back-
off. The method of the average deviation from optimum, on
the other hand, considers a more accurate approximation of
the objective function by using second-order information in
the form of a second-order Taylor series expansion of the

Žobjective function at the nominal optimum de Hennin et al.,
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.1994; Loeblein and Perkins, 1996

1
T Tmin d FsC d r qd p C d r q d r C d r qC d p1 2 3 42d r

1
Tq d p C d p52

s.t. d g sGd pq Hd r s0. 39Ž .

Apart from the fact that the second-order approximation is
more accurate, it is in particular advantageous for partially

Ž .constrained problems where the LP Eq. 32 becomes degen-
erate. As can be seen in Figure 6, there is a danger in this
case of finding a solution to the LP which is at one of the
vertices of the feasible region. Although this does not change
the dynamic economics DF due to the linearization of the
objective function, this solution would not reflect the true
optimal operating point u , accommodating the regulatorys
backoff. The second point is the handling of active and inac-
tive constraints. The method of the average deviation from
optimum is based on the assumption that the set of active
constraints does not change. It is only locally valid around
the active constraints and returns just the necessary backoff
from the active constraints. As opposed to that, the method

Ž .of dynamic economics solving LP Eq. 32 incorporates the
necessary backoff from the inactive constraints, as well. If the
backoff is bigger than the slack variable at the nominal opti-
mum, the solution of the LP finds an operating point that
also ensures feasible operation with respect to the constraints
which are inactive at the nominal optimum.

In integrating the two analysis methods for the optimiza-
tion and regulatory control layers, we shall assume that the
backoffs calculated for each layer may be added to give a
total constraint backoff b , accommodating both slowlytot
varying and fast disturbances

b s b q b . 40Ž .tot opt reg

The corresponding loss in economic performance is then esti-

Figure 6. Linear approximation of partially constrained
NLP.

Figure 7. Algorithm for the calculation of the average
deviation from optimum.

mated using the second-order approximation of the objective
function by introducing the total backoff b into the expres-tot
sion calculating the average deviation from optimum for a

Ž .given on-line optimizer structure see Eq. 37 . Thus, the dy-
namic economics of the model predictive regulatory control
system enter the performance analysis of the integrated sys-
tem through the total necessary backoff which comprises both
the regulatory and optimizing backoff. The result is an ana-
lytical expression for the average deviation from optimum of
a given structure of an integrated on-line optimization and
regulatory control system

QsQ b , s , s , d p t , t y t , D y , D r . 41Ž . Ž .Ž .tot h e 2 1

The complete algorithm for the calculation of the average
deviation from optimum for the integrated on-line optimiza-
tion and regulatory control system is summarized in Figure 7.

One issue that has not been addressed in this article is the
robust performance of the regulatory control system in the
presence of parametric uncertainty and slow disturbances. As

Ž .Lee 1996 points out, the theory for designing a robust model
predictive controller for systems with parametric uncertainty
does not seem to be very well established at this point and is
still subject to substantial research efforts. Furthermore, a ro-
bust MPC formulation is quite likely not to allow an analyti-
cal solution of the control law. This implies that it would not
be possible to analyze the dynamic economics of the MPC
regulatory control layer using an analytical approach. In-
stead, numerical calculation of the dynamic economics would
be required. This would not fit into the analytical method of
the average deviation from optimum for the integrated on-line
optimization and regulatory control system proposed in this
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article. Therefore, robustness issues at the regulatory control
level are not addressed in this work.

Conclusions
In this article, the analysis of the dynamic economic per-

formance of the model predictive control layer has been
addressed. The approach is based on the solution of the un-
constrained model predictive control law. The closed-loop
system of controller and process can be formulated as a lin-
ear state-space system with disturbances and measurement
noise as input variables. Thus, the variance of the con-
strained variables can be determined and the regulatory con-
straint backoff can be calculated. The economic analysis
methods of the MPC regulatory control layer and the analysis
method of the average deviation from optimum for the on-line

Žoptimization level de Hennin et al., 1994; Loeblein and
.Perkins, 1996 have been integrated. The result is a unified

measure of the economic performance of a given structure of
an integrated on-line optimization and MPC regulatory con-
trol system. Different structures can be compared and the
structure with the best economic performance can be chosen
for implementation.

Notation
As linear state-space model matrix
Bs linear state-space model matrix
Cs linear state-space model matrix
Ds linear state-space model matrix
� 4E ? sexpectation operator

FsMPC objective function matrix
GsMPC objective function matrix
HsMPC objective function matrix
JsMPC objective function matrix
kssample time
Ksgain matrices
LsKalman filter gain
Ns input prediction horizon
Psprobability
Qsoutput weighting matrix in MPC objective function
Rs input weighting matrix in MPC objective function
Sscontrol action weighting matrix in MPC objective function
ts time

Gsmatrix in state-space representation of closed-loop system
dsperturbation variable around nominal optimum
esnormally distributed measurement error

Lsmatrix in state-space representation of closed-loop system
Jsmatrix in state-space representation of closed-loop system
Psmatrix in state-space representation of closed-loop system

Subscripts and superscript
sssteady-state value
ts target value
sestimate; p is an estimate of pˆ ˆ
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Appendix: Definition of Matrices
Matrix definitions of the model predicti©e controller

The unconstrained model predictive control law can be
written in the following way

T TN N N <wmin u Hu q2 u Gx k ky1 y Fu ky1Ž . Ž . Ž . Ž .ˆ
Nu

xq Jv k .Ž .

The objective function matrices are given by

S
0.F s ..
0

T TB QAq D QCu u

T 2 TB QA q D QCAu u

T 3 T 2Gs B QA q D QCAu u
...

T N T Ny1B QA q D QCAu u
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T TD QCMq B QLu u

T TD QCLq B QALu u

T T 2J s D QCALq B QA Lu u
...

T Ny2 T Ny1D QCA Lq B QA Lu u

TD QD 0 ??? 0u u

T0 D QD ??? 0u u
Hs . . ... . . ... . .

T0 0 ??? D QDu u

2Sq R yS 0 ??? 0
yS 2Sq R yS ??? 0

0 yS 2Sq R ??? 0q . . . ... . . . ... . . .
0 0 0 ??? 2Sq R

Ny 1T T T T TB QB B A QB ??? B A QBu u u u u u
Ny 2T T T TB QAB B QB ??? B A QBu u u u u uq . . ... . . ... . .

T Ny1 T Ny2 TB QA B B QA B ??? B QBu u u u u u

Ny 2T T T T T0 B C QD ??? B A C QDu u u u
Ny 3T T T TD QCB 0 ??? B A C QDu u u uq .. . ... . . ... . .

T Ny2 T Ny3D QCA B D QCA B ??? 0u u u u

Matrix definitions of the closed-loop state-space system
Linear discrete-time state-space model of the closed-loop

system based on the unconstrained model predictive control
law

j kq1 sJj k qG® kq1 qLw kq1Ž . Ž . Ž . Ž .

y k sPj k .Ž . Ž .

The matrices J, G, L and P are defined as follows

A 0 B 0 B 0u ®

L C Ay L C B y L D L D Lx x u x p x ® x

Z Z Z Z Z Z1 2 3 4 5 7Js
L C y L C 0 Iy L D L D Lp p p p p ® p

0 0 0 0 0 0
0 0 0 0 0 0

0 0
0 0

Z Z6 8Gs , Ls
0 0
I 0
0 I

w xPs C 0 D 0 D 0 .u ®

The matrices Z are given byi

y1y1G s C Iy A B q D DŽ .u u u p

y1G s Iy A B GŽ .x u u

Ms K q K G L q Iq K G LŽ .d x x p u u p

Z s y K q MC L CŽ .1 x x

y K G q Iq K G y MD L Cy MCAŽ .x x u u p p

Z s y K q MC Ay L CŽ .Ž .2 x x

q K G q Iq K G y MD L CŽ .x x u u p p

Z s y K q MC B y K y MCBŽ .3 x u u u

Z s K y MC L DŽ .4 x x p

y K G q Iq K G y MD Iy L DŽ . Ž .x x u u p p p

Z s y K q MC L DŽ .5 x x ®

y K G q Iq K G y MD L D y MCBŽ .x x u u p p ® ®

Z sy MD6 ®

Z s y K q MC L y K G q Iq K G y MD LŽ . Ž .7 x x x x u u p p

Z sy M .8
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